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Definitions

Pulse refers to the steady, underlying beat that organizes most of the music that we are used to hearing. Pulse is what we feel that allows us to clap, to pat our feet, to dance, and, generally, to feel securely connected to a piece of music.

Subpulse is the manner in which a pulse is subdivided. It organizes the “space” between pulse beats; it is an aspect of what gives music from different genres and traditions their distinct personalities.

Cycle influences how we hear music “phrases”. If/when we count to music, it tells us where to say “one” and how high to count before returning to the one.

Harmonic rhythm refers to a phenomenon, sometimes called “polyrhythm” that exists in many African and African Diasporic music traditions. Harmonic rhythm awareness enables feeling and playing with rhythmic movement, the manner in which layered, repetitive phrases of different pulses, subpulses, and/or cycles are felt and heard differently as they move from and to the stable “home” position, which is a rhythmic analogue to the tonal center. 

Probable Music
1-Cycle
Given a cycle consisting of one pulse beat,

	


This beat can either be silent:

	


or sounded:

	X


There are two possible arrangements.

2-Cycle
Given a cycle consisting of two pulse beats,

	
	


The possible choices for sounds and/or silences are:

	
	
	
	X
	
	
	
	X
	
	X
	X


There are four possible arrangements. Among these possibilities, there is one way of choosing no sounds, there are two ways of choosing one sound, and there is one way of choosing two sounds. 
Continuing in this fashion, various patterns emerge:

	# of Pulse Beats
	# of Possible Arrangements

	1
	2

	2
	4

	3
	8

	4
	16

	
	

	n
	2n


As shown in the table above, for an n-cycle (a string of n pulse beats), there are 2n possible arrangements.

When keeping track of the ways of choosing zero sounds, one sound, … n sounds in these possible arrangements, another pattern -- based upon the mathematical counting principle, combinations, – emerges. 

Given a 1-Cycle (one pulse beat), ways of choosing:

	Zero sounds
	One sound

	1
	1


Given a 2-Cycle (two pulse beats), ways of choosing:

	Zero sounds
	One sound
	Two sounds

	1
	2
	1


Given a 3-Cycle (three pulse beats), ways of choosing:

	Zero sounds
	One sound
	Two sounds
	Three sounds

	1
	3
	3
	1


This information can be arranged in the following manner:

           1
         1  1
       1  2  1
     1  3  3  1
    …………..
nC0…nCi….nCn
(The first row can be thought of as representing given 0 pulse beats, the ways of choosing zero sounds.)

This triangular pattern of numbers, though commonly referred to as Pascal’s triangle, was known to Omar Khayyam, Islamic poet-mathematician-scientist, over 500 years earlier. Chinese mathematician, Chu Shi Chieh wrote about this same triangular array of numbers in 1303 AD. [2], [3] As well, the same structure was used by Indian poets as early as the third century AD, as a means of identifying the possibilities for combining different meters. [3]
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Symmetrical Music

3-Cycle w/ 2-Cycle
Combining a 2-Cycle (a cycle consisting of two pulse beats), in which the first pulse beat is sounded, with a 3-Cycle (a cycle consisting of three pulse beats), in which the first pulse beat is sounded, results in:

	X
	
	X
	
	X
	
	X

	X
	
	
	X
	
	
	X


To make the symmetry more apparent, I have ended with the pulse beats on which the 2-Cycle and 3-Cycle come back into alignment. 

The symmetry also manifests when the 2-Cycle is merged with the 3-Cycle into one line:

	X
	
	X
	X
	X
	
	X


This can also be represented as a number sequence, in which numbers represent the lengths of intervals that begin with a sounded pulse beat and end with the next sounded pulse beat. The above merged pattern is represented by the sequence: 2, 1, 1, 2

4-Cycle w/ 3-Cycle
Combining a 3-Cycle (a cycle consisting of three pulse beats), in which the first pulse beat is sounded, with a 4-Cycle (a cycle consisting of four pulse beats), in which the first pulse beat is sounded, results in:

	X
	
	
	X
	
	
	X
	
	
	X
	
	
	X

	X
	
	
	
	X
	
	
	
	X
	
	
	
	X


Merging the 3-Cycle with the 4-Cycle into one line, results in:

	X
	
	
	X
	X
	
	X
	
	X
	X
	
	
	X


Using the same technique for representing intervals, as above, results in the number sequence: 312213.

9-Cycle w/ 8-Cycle w/7-Cycle
711522333143142331527162531342152151345216252144351161163414225342234126171612423234432324216171621432243522414361161153441252612543151251243135261725133241341333225117

Prime-al Rhythms

Interesting rhythmic structures can be created by playing with layering cycles of different lengths. When all pairs of cycle lengths are relatively prime, congruence arithmetic can be used to compute the places where cycles align. The sound/feeling of cycles coming in and out of alignment can be powerful. 

For example, determining where the first pulse beats of a 3-Cycle, 4-Cycle, and 5-Cycle align can be represented as finding the solution of the system of congruence equations:
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The most direct way of solving this system is by determining the least common multiple of 3, 4, and 5 and then adding one. Another way, which is generalizable to solving other systems, is through using the Chinese Remainder Theorem.

To use this approach, first find a multiple of 4 x 5 that is congruent to 1(mod 3), i.e., that leaves a remainder of 1, when divided by 3.

“40” is such a number.

Next, find a multiple of 3 x 5, congruent to 1(mod 4).

“45” works.

Then, find a multiple of 4 x 3 that is congruent to 1(mod 5).

“36” is such a number.

The sum 40 + 45 + 36 = 121 identifies one place where an alignment occurs.

Subtracting or adding multiples of 3 x 4 x 5 determines other places of alignment. The first alignment, after the first pulse beat, occurs at beat number 61 (121 – 60).

Interesting rhythmic structures can be created by playing with layering cycles of different lengths. When all pairs of cycle lengths are relatively prime, congruence arithmetic can be used to compute the places where cycles align. The sound/feeling of cycles coming in and out of alignment can be powerful. The Chinese Remainder Theorem provides one mathematical means for determining places of alignment, particularly when you are interested in finding alignments that aren’t limited to lining up “ones”.
For example, one might choose to align the fifth beat of a 7-Cycle, the third beat of 3-Cycle, the first beat of a 5-Cycle, and the second beat of a 4-Cycle. This is equivalent to solving:
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In general, the Chinese Remainder Theorem guarantees a unique solution to a system of congruences,
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 ai(mod mi),

for pairwise relatively prime mi, 1 ( i ( n. The unique solution, modulo M (M, the product of all of the mi), is given by:
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 [a1e1 + a2e2 + ... + anen] (mod M), where ei = M/mi x (M/mi)-1 (mod mi).

In the above example, M = 7 x 3 x 5 4 = 420. We can use a table to facilitate determining the solution to the system of congruence equations.
	i
	mi
	ai 
	M/mi
	(M/mi)-1(mod mi)
	ei

	1
	7
	5
	60
	2
	120

	2
	3
	0
	140
	2
	280

	3
	5
	1
	84
	4
	336

	4
	4
	2
	105
	1
	105


The solution to the system:
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is:
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(aiei (mod M) ( [5*120 + 0*280 + 1*336 + 2*105] (mod 420) ( 306 (mod 420)
Musically, this means if the 7, 3, 5, and 4 beat cycles are begun simultaneously, the desired alignment occurs on beat 306, with subsequent alignments occurring every 420 beats.
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